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COMPUTATION OF ANNULAR CAPACITY BY HAMILTONIAN
FLOER THEORY OF NON-CONTRACTIBLE PERIODIC
TRAJECTORIES
MORIMICHI KAWASAKI AND RYUMA ORITA
Abstract. The first author [Ka] introduced a relative symplectic capacity
C for a symplectic manifold (N,ωN ) and its subset X which measures the
existence of non-contractible periodic trajectories of Hamiltonian isotopies on
the product of N with the annulus AR = (−R,R)×R/Z. In the present paper,
we give an exact computation of the capacity C of the 2n-torus T2n relative to
a Lagrangian submanifold Tn which implies the existence of non-contractible
Hamiltonian periodic trajectories on AR × T2n. Moreover, we give a lower
bound on the number of such trajectories.
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1. Introduction
Let (N,ωN ) be a closed connected symplectic manifold and X ⊂ N a compact
subset. For R > 0 let AR denote the annulus (−R,R)×R/Z, and for u ∈ (−R,R)
we define its subset Lu = {u} × R/Z ⊂ AR. For ` ∈ Z we put
α` = [t 7→ (0, `t)] ∈ [S1, AR].
We consider the product symplectic manifold
(
AR ×N, (dp0 ∧ dq0)⊕ ωN
)
and the
free homotopy class (α`, 0N ) ∈ [S1, AR×N ], where (p0, q0) ∈ AR = (−R,R)×R/Z
and 0N ∈ [S1, N ] is the free homotopy class of trivial loops in N . Our main result
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2 MORIMICHI KAWASAKI AND RYUMA ORITA
is Theorem 1.1. We consider (N,ωN ) = (T2n, ωstd) =
(
(R/2Z × R/Z)n, ωstd
)
and
Tn stands for ({0} × R/Z)n where ωstd is the standard symplectic form on T2n.
Theorem 1.1. Let R > 0 and u be real numbers such that u ∈ (−R,R). For any
smooth Hamiltonian H : [0, 1]×AR×T2n → R with compact support and any ` ∈ Z
such that
max{R|`|+ u`, 0} ≤ c = inf
[0,1]×Lu×Tn
H,
there exists a Hamiltonian periodic trajectory x in the homotopy class (α`, 0T2n) ∈
[S1, AR × T2n] with action AH(x) ≥ c − u`, where AH is the action functional
defined in Section 2. Moreover, if H is non-degenerate, then the number of such
x’s is at least
bTn+1 =
n+1∑
k=0
bk(Tn+1) =
n+1∑
k=0
dimZ/2Z
(
Hk(Tn+1;Z/2Z)
)
.
The result in Theorem 1.1 is sharp in the sense that for any  > 0 there exists a
Hamiltonian H : [0, 1]×AR×T2n → R with inf [0,1]×Lu×Tn H = max{R|`|+u`, 0}−
without periodic trajectory in (α`, 0T2n) (see the proof of Theorem 1.2 in Subsection
4.2).
To obtain Theorem 1.1, we will prove the non-zeroness of the homomorphism
T
[a,∞);c
α which is defined in Subsection 2.5. To prove the non-zeroness, we use
Poz´niak’s theorem (Theorem 3.2) several times. Biran, Polterovich and Salamon
[BPS], Niche [Ni] and Xue [Xu] also used Poz´niak’s theorem to get an upper bound
of the Biran–Polterovich–Salamon capacity. In their papers, the homomorphism
T
[a,∞);c
α is an isomorphism. However in our case, T
[a,∞);c
α is not an isomorphism.
Thus we need more sophisticated arguments.
We define a capacity C introduced by the first author in [Ka] in terms of the
Biran–Polterovich–Salamon capacity [BPS, Subsection 3.2] (see also [Ni, We, Xu]).
Let (M,ω) be an open symplectic manifold and A ⊂ M a compact subset. For
α ∈ [S1,M ] and a ≥ −∞ we define the Biran–Polterovich–Salamon capacity CBPS
by
CBPS(M,A;α, a) = inf{ c > 0 | ∀H ∈ Hc(M,A) ∃x ∈ P(H;α) s.t.AH(x) ≥ a } ≥ 0,
whereHc(M,A) is the set of time-dependent Hamiltonian functionsH : S1×M → R
with compact support such that
inf
S1×A
H ≥ c,
and P(H;α) is the set of periodic trajectories of the Hamiltonian isotopy associated
to H representing α. For R > 0, u ∈ (−R,R), ` ∈ Z and a ≥ −∞, we then define
a relative symplectic capacity C(N,X;R, u, `, a) by
C(N,X;R, u, `, a) = CBPS(AR ×N,Lu ×X; (α`, 0N ), a).
By using the capacity C, we can rewrite Theorem 1.1 as Theorem 1.2 (see Subsection
4.2 for details).
Theorem 1.2. For any R > 0, u ∈ (−R,R), ` ∈ Z and a ≥ −∞, we have
C(T2n,Tn;R, u, `, a) = max{R|`|+ u`, a+ u`}.
After the first draft of this paper was completed, Ishiguro [Is] pointed out the
following proposition.
Proposition 1.3 ([Is, Proposition 5.1]). For any R > 0, u ∈ (−R,R), ` ∈ Z,
a ≥ −∞ and β 6= 0 ∈ [S1,T2n], we have
CBPS(AR × T2n, Lu × Tn; (α`, β), a) =∞.
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On the other hand, the first author essentially showed Theorem 1.4 in [Ka].
Theorem 1.4 ([Ka, Theorem 1.2]). For any R > 0 and ` ∈ Z we have
C(T2n,Tn;R, 0, `,−∞) ≤ 2R|`|.
Therefore Theorem 1.2 improves Theorem 1.4. Moreover, the first author pro-
posed the following conjecture.
Conjecture 1.5 ([Ka, Conjecture 3.1]). Let X be a stably non-displaceable compact
subset of a closed symplectic manifold (M,ω). Show that the equality
C(M,X;R, 0, `,−∞) = R|`|
holds for any R > 0 and ` ∈ Z.
Theorem 1.2 proves Conjecture 1.5 for (M,X) = (T2n,Tn).
The paper is organized as follows. In Section 2, we introduce the Floer homology
and the symplectic homology for non-contractible trajectories which are the main
tools to prove our main theorems. In Section 3, we calculate the dimensions of
the Floer homology and the symplectic homology to prove our main theorems. In
Section 4, we prove our main theorems (Theorems 1.1 and 1.2).
2. Symplectic homology
In this section, we define the Floer homology for non-contractible periodic tra-
jectories (see [BPS, Section 4] for details).
Let (M,ω) be a compact symplectic manifold with convex boundary ∂M (i.e.,
there exists a Liouville vector field defined on an open neighborhood of ∂M in
M and pointing outward along ∂M) and denote M = M \ ∂M . Although the
product of compact symplectic manifolds with convex boundary need not have
convex boundary, we can still define the Floer homology of the product according
to [FS, Products, Section 3]. In Section 3, we will consider the Floer homology of
the product AR×T2n which has no convex boundary, where AR = [−R,R]×R/Z.
2.1. Action functional. For a free homotopy class α ∈ [S1,M ] denote by LαM
the space of free loops S1 → M representing α. In addition, we assume that our
manifold (M,ω) is symplectically α-atoroidal, i.e., for any free loop u in LαM , that
is for u : S1 → LαM considered as the map u : T2 →M from the two-torus,∫
T2
u∗ω = 0 and
∫
T2
u∗c1 = 0
hold where c1 is the first Chern class.
Let H ∈ H = C∞0 (S1 × M) be a Hamiltonian with compact support. Let
Ht denote H(t, ·) for t ∈ S1 = R/Z. The Hamiltonian vector field XH ∈ X(M)
associated to H is defined by
ιXHω = −dH.
The Hamiltonian isotopy {ϕtH}t∈[0,1] associated to H is defined by{
ϕ0H = id,
d
dtϕ
t
H = XHt ◦ ϕtH for all t ∈ [0, 1],
and its time-one map ϕH = ϕ
1
H is referred to as the Hamiltonian diffeomorphism
of H. Let P(H;α) be the set of one-periodic trajectories of ϕH representing
α. A one-periodic trajectory x ∈ P(H;α) is called non-degenerate if it satisfies
det
(
dϕH(x(0))− id
) 6= 0.
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Fix a reference loop z ∈ α. We define the action functional AH : LαM → R by
AH(x) = −
∫
[0,1]×S1
x¯∗ω +
∫ 1
0
Ht
(
x(t)
)
dt,
where Ht = H(t, ·) and x¯ is a path in LαM between z and x considered as a map
x¯ : [0, 1] × S1 → M from the annulus [0, 1] × S1 to M . Since our manifold (M,ω)
is symplectically α-atoroidal, the functional AH is well-defined as a real-valued
function. Note that P(H;α) is equal to the set of critical points of AH .
We define the action spectrum of AH by
Spec(H;α) = AH
(P(H;α)).
Let a and b be real numbers such that −∞ ≤ a < b ≤ ∞. Suppose that the
Hamiltonian H satisfies a, b 6∈ Spec(H;α) and that it is regular, i.e., every one-
periodic trajectory x ∈ P(H;α) is non-degenerate. We define P [a,b)(H;α) =
Pb(H;α) \ Pa(H;α) where Pa(H;α) = {x ∈ P(H;α) | AH(x) < a }.
2.2. Filtered Floer chain complex. We define the chain group of our Floer chain
complex to be the Z/2Z-vector space
CF[a,b)(H;α) = CFb(H;α)/CFa(H;α),
where
CFa(H;α) =
⊕
x∈Pa(H;α)
Z/2Zx.
Let Jt = Jt+1 ∈ J (M,ω) be a time-dependent smooth family of ω-compatible
almost complex structures on M such that Jt is convex and independent of t near
the boundary ∂M . Consider the Floer differential equation
(1) ∂su+ Jt(u)
(
∂tu−XHt(u)
)
= 0.
Here we note that
gradAH(u(s, ·)) = Jt
(
u(s, ·)) (∂tu(s, ·)−XHt(u(s, ·)))
for all s. For a smooth solution u to (1) we define the energy by the formula
E(u) =
∫ 1
0
∫ ∞
−∞
|∂su|2 dsdt.
Then we have the following lemma.
Lemma 2.1 ([Sa]). Let u : R × S1 → M be a smooth solution to (1) with finite
energy.
(i) There exist periodic solutions x± ∈ P(H;α) such that
lim
s→±∞u(s, t) = x
±(t) and lim
s→±∞ ∂su(s, t) = 0,
where both limits are uniform in the t-variable.
(ii) The energy identity holds:
E(u) = AH(x−)−AH(x+).
We call a family of almost complex structures regular if the linearized operator
for (1) is surjective for any finite-energy solution of (1) in the homotopy class α.
We denote by Jreg(H;α) the space of regular families of almost complex structures.
This subspace is generic in J (M,ω) (see [FHS]). For any J ∈ Jreg(H;α) and any
pair x± ∈ P(H;α) the space
M(x−, x+;H,J) = { solution of (1) satisfying (i) }
is a smooth manifold whose dimension near such a solution u is given by the
difference of the Conley–Zehnder indices (see [SZ]) of x− and x+ relative to u.
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The subspace of solutions of relative index 1 is denoted by M1(x−, x+;H,J).
For J ∈ Jreg(H;α) the quotient M1(x−, x+;H,J)/R is a finite set for any pair
x± ∈ P(H;α). We define the boundary operator ∂H,J : CFb(H;α) → CFb(H;α)
by
∂H,J(x) =
∑
#2
(M1(x, y;H,J)/R) y
for x ∈ Pb(H;α) where #2 denotes the modulo 2 counting.
Theorem 2.2 ([Fl]). If J is regular, then the operator ∂H,J is well-defined and
satisfies ∂H,J ◦ ∂H,J = 0.
The energy identity (ii) implies that CFa(H;α) is invariant under the boundary
operator ∂H,J . Thus we get an operator [∂H,J ] on the quotient CF[a,b)(H;α).
Definition 2.3. The filtered Floer homology group is defined to be
HF[a,b)(H,J ;α) = Ker [∂H,J ]/ Im [∂H,J ].
Theorem 2.4 ([Fl, Sa, SZ]). If J0, J1 ∈ J (H;α) are two regular almost complex
structures, then there exists a natural isomorphism
HF[a,b)(H,J0;α)→ HF[a,b)(H,J1;α).
We refer to HF[a,b)(H;α) = HF[a,b)(H,J ;α) as the Floer homology associated
to H.
2.3. Continuation. We define the set
Ha,b(M ;α) = {H ∈ H | a, b 6∈ Spec(H;α) }.
Proposition 2.5 ([BPS, Remark 4.4.1]). Every Hamiltonian H ∈ Ha,b(M ;α) has
a neighborhood U such that the Floer homology groups HF[a,b)(H ′, J ′;α), for any
regular H ′ ∈ U and any regular almost complex structure J ′ ∈ Jreg(H ′;α), are
naturally isomorphic.
According to Proposition 2.5, one can define the Floer homology HF[a,b)(H;α)
whether H is regular or not.
Definition 2.6. For H ∈ Ha,b(M ;α) we define HF[a,b)(H;α) = HF[a,b)(H˜;α),
where H˜ is any regular Hamiltonian sufficiently close to H.
Remark 2.7 ([BPS, Remark 4.4.2]). We can define the filtered Floer homology
HF[a,b)(H; 0M ) if the action interval [a, b) does not contain zero, i.e, either −∞ ≤
a < b < 0 or 0 < a < b ≤ ∞.
2.4. Monotone homotopies. We introduce a bidirected partial order on H =
C∞0 (S
1 ×M) by
H0  H1 ⇐⇒ H0(t, x) ≥ H1(t, x) for all (t, x) ∈ S1 ×M.
Then there exists a homotopy {Hs}s from H0 to H1 such that ∂sHs ≤ 0. We call
such a homotopy of Hamiltonians monotone. Let α ∈ [S1,M ] be a nontrivial free
homotopy class and a, b ∈ R ∪ {∞} such that a < b. It follows from the energy
identity
E(u) = AH0(x−)−AH1(x+) +
∫ 1
0
∫ ∞
−∞
∂sH
(
s, t, u(s, t)
)
dsdt
that the Floer chain map ΦH1H0 : CF(H0;α)→ CF(H1;α), defined in terms of the
solutions of the equation
∂su+ Js,t(u)
(
∂tu−XHs,t(u)
)
= 0,
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preserves the subcomplexes CFa(H0;α) and CF
b(H0;α). Hence every monotone
homotopy {Hs}s induces a natural homomorphism
σH1H0 : HF
[a,b)(H0;α)→ HF[a,b)(H1;α)
whenever H0, H1 ∈ Ha,b(M ;α) satisfy H0  H1 (see [BPS, Subsection 4.5]). The
homomorphism σH1H0 is called the monotone homomorphism from H0 to H1. We
call a monotone homotopy {Hs}s action-regular if Hs takes values in a connected
component of Ha,b(M ;α).
Lemma 2.8 ([FH, CFH]). The monotone homomorphism is independent of the
choice of the monotone homotopy used to define it and
σH2H1 ◦ σH1H0 = σH2H0 , σH0H0 = id,
whenever H0, H1, H2 ∈ Ha,b(M ;α) satisfy H0  H1  H2.
Lemma 2.9 ([Vi]). The monotone homomorphism associated to an action-regular
monotone homotopy is an isomorphism.
Given −∞ ≤ a < b < c ≤ ∞ and two Hamiltonians H0, H1 ∈ Ha,b(M ;α) ∩
Ha,c(M ;α) satisfying H0  H1, we obtain the following commutative diagram,
whose rows are the short exact sequences for H0 and for H1.
0 // CF[a,b)∗ (H0;α)
ΦH1H0

ιF // CF[a,c)∗ (H0;α)
ΦH1H0

piF // CF[b,c)∗ (H0;α) //
ΦH1H0

0
0 // CF[a,b)∗ (H1;α)
ιF // CF[a,c)∗ (H1;α)
piF // CF[b,c)∗ (H1;α) // 0
where ιF and piF denote the natural inclusion and projection, respectively. The
associated long exact sequences induce the following commutative diagram.
(2) · · · // HF[a,b)∗ (H0;α)
σH1H0

[ιF ] // HF[a,c)∗ (H0;α)
σH1H0

[piF ] // HF[b,c)∗ (H0;α) //
σH1H0

· · ·
· · · // HF[a,b)∗ (H1;α)
[ιF ] // HF[a,c)∗ (H1;α)
[piF ] // HF[b,c)∗ (H1;α) // · · ·
2.5. Symplectic homology. In this subsection, we consider a homology intro-
duced in [FH, CFH, Ci]. We refer to [BPS, Subsection 4.8] for details. Let
α ∈ [S1,M ] be a nontrivial free homotopy class and a, b ∈ R ∪ {∞} such that
a < b. As mentioned in Subsection 2.4, there is a natural homomorphism
σH1H0 : HF
[a,b)(H0;α)→ HF[a,b)(H1;α)
whenever H0, H1 ∈ Ha,b(M ;α) satisfy H0  H1. These homomorphisms define
an inverse system of Floer homology groups over
(Ha,b(M ;α),). We denote the
symplectic homology of M in the homotopy class α for the action interval [a, b) by
SH←−
[a,b)(M ;α) = lim←−
H∈Ha,b(M ;α)
HF[a,b)(H;α).
Fix a compact subset A ⊂M and a constant c ∈ R. We define the set
Ha,bc (M,A;α) =
{
H ∈ Ha,b(M ;α)
∣∣∣∣ infS1×AH > c
}
.
This defines a directed system of Floer homology groups over
(Ha,bc (M,A;α),).
We denote the relative symplectic homology of the pair (M,A) at the level c in the
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homotopy class α for the action interval [a, b) by
SH−→
[a,b);c(M,A;α) = lim−→
H∈Ha,bc (M,A;α)
HF[a,b)(H;α).
Proposition 2.10 ([BPS, Proposition 4.8.2]). Let α ∈ [S1,M ] be a nontrivial
homotopy class and suppose that −∞ ≤ a < b ≤ ∞. Then for any c ∈ R there
exists a unique homomorphism
T [a,b);cα : SH←−
[a,b)(M ;α)→ SH−→
[a,b);c(M,A;α)
such that for any two Hamiltonians H0, H1 ∈ Ha,bc (M,A;α) with H0 ≥ H1 the
following diagram commutes.
SH←−
[a,b)(M ;α)
piH0

T [a,b);cα // SH−→
[a,b);c(M,A;α)
HF[a,b)(H0;α)
σH1H0 // HF[a,b)(H1;α)
ιH1
OO
Here piH0 and ιH1 are the canonical homomorphisms. In particular, since σHH = id
for any H ∈ Ha,bc (M,A;α), the following diagram commutes.
SH←−
[a,b)(M ;α)
piH ''
T [a,b);cα // SH−→
[a,b);c(M,A;α)
HF[a,b)(H;α)
ιH
66
Remark 2.11. As we noted in Remark 2.7, we can still define the filtered symplectic
homology for α = 0M and the conclusion of Proposition 2.10 still holds if the action
interval [a, b) does not contain zero.
3. Computation
3.1. Morse–Bott theory in Floer homology. We refer to [BPS, Subsection 5.2]
for details.
Definition 3.1 ([BPS]). A subset P ⊂ P(H) is called a Morse–Bott manifold of
periodic trajectories for H if the set C0 = {x(0) | x ∈ P } is a compact submanifold
of M and Tx0C0 = Ker
(
dϕ1H(x(0))− id
)
for any x0 ∈ C0.
Theorem 3.2 ([BPS, Theorem 5.2.2]). Let −∞ ≤ a < b ≤ ∞, α ∈ [S1,M ], and
H ∈ Ha,b(M ;α). Assume that the set P = {x ∈ P(H;α) | a < AH(x) < b }
is a connected Morse–Bott manifold of periodic trajectories for H. Let g be a
Riemannian metric on C0 and f : C0 → R a Morse–Smale function. Then the
Floer homology HF[a,b)∗ (H;α) = H∗
(
CF[a,b)∗ (H;α), ∂∗
)
coincides with the Morse
homology HM∗(C0, f, g) = H∗
(
CM∗(C0, f, g), ∂∗
)
. Namely, we have
HF[a,b)∗ (H;α) ∼= HMdimC0−∗(C0, f, g) ∼= HdimP−∗(P ;Z/2Z).
The original version of Theorem 3.2 can be found in [Po, Theorem 3.4.11].
Remark 3.3. The grading of the Floer homology groups is well-defined up to an ad-
ditive constant. More precisely, with a suitable choice of this grading, HF
[a,b)
k (H;α)
is isomorphic to HMdimC0−k(C0, f, g), and hence to Hk(P ;Z/2Z) if P is orientable.
In the present paper, we choose this grading for simplicity.
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3.2. Dimensions of symplectic homology groups. Let (N,ωN ) be a closed
connected symplectic manifold and X ⊂ N a compact subset. Let AR denote the
annulus (−R,R)×R/Z, and for u ∈ (−R,R) we define its subset Lu = {u}×R/Z ⊂
AR. For ` ∈ Z we put
α` = [t 7→ (0, `t)] ∈ [S1, AR].
We consider the product symplectic manifold
(
AR ×N, (dp0 ∧ dq0)⊕ ωN
)
and the
free homotopy class (α`, 0N ) ∈ [S1, AR×N ], where (p0, q0) ∈ AR = (−R,R)×R/Z.
In this subsection, we give an explicit computation of symplectic homology
groups in the case that (N,ωN ) = (T2n, ωstd) =
(
(R/2Z × R/Z)n, ωstd
)
and X =
({0} × R/Z)n ∼= Tn. In the following theorem, let 0 denote the trivial homotopy
class (α0, 0T2n) ∈ [S1, AR × T2n].
Theorem 3.4. Let R > 0 and u be real numbers such that u ∈ (−R,R). Then for
any a > 0 and any c > 0, we have
SH←−
[a,∞)(AR × T2n; 0) ∼= H∗(T2n+1;Z/2Z),
and
SH−→
[a,∞);c(AR × T2n, Lu × Tn; 0) =
{
H∗(Tn+1;Z/2Z) if 0 < a ≤ c,
0 if a > c.
For ` 6= 0, we have the following result. For the sake of brevity, we put
αˆ` = (α`, 0T2n) ∈ [S1, AR × T2n].
Theorem 3.5. Let R > 0 and u be real numbers such that u ∈ (−R,R), and
` ∈ Z \ {0}. Then for any a ∈ R and c > max{u`, 0}, we have
SH←−
[a,∞)(AR × T2n; αˆ`) =
{
0 if a < R|`|,
H∗(T2n+1;Z/2Z) if a ≥ R|`|,
and
SH−→
[a,∞);c(AR × T2n, Lu × Tn; αˆ`) =
{
H∗(Tn+1;Z/2Z) if 0 < a ≤ c− u`,
0 if a > c− u`.
Theorem 3.6. Let R > 0 and u be real numbers such that u ∈ (−R,R) and let
` ∈ Z. The homomorphism(
T
[a,∞);c
αˆ`
)
k
: SH←−
[a,∞)
k (AR × T2n; αˆ`)→ SH−→
[a,∞);c
k (AR × T2n, Lu × Tn; αˆ`)
is non-zero if and only if R|`| < a ≤ c − u` and k = 0, 1, . . . , n + 1. Moreover, in
this case, the homomorphism
(
T
[a,∞);c
αˆ`
)
k
is surjective and
dimZ/2Z
(
Im
(
T
[a,∞);c
αˆ`
)
k
)
= bk(Tn+1),
where bk(Tn+1) is the k-th Betti number of Tn+1.
We shall denote a point in M = AR × T2n by
x = (p, q) = (p0, q0; p1, q1, . . . , pn, qn),
where (p0, q0) ∈ AR = (−R,R) × R/Z and (p1, q1, . . . , pn, qn) ∈ T2n = (R/2Z ×
R/Z)n. Then we have
Lu × Tn = { p0 = u and p1 = · · · = pn = 0 }.
We put mu = min{1, R− |u|} and u = (u0, u1, . . . , un) = (u, 0, . . . , 0) ∈ (−R,R)×
(R/2Z)n.
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3.3. Proof of Theorem 3.4.
Proof. The proof of [BPS, Theorem 5.1.1] carries over almost literally. Fix a positive
real number c > 0 and choose a smooth family of real functions {fs(r)}s∈R, defined
for r ∈ R, with the following properties (cf. [BPS, Subsection 5.4]).
(i) fs(−r) = fs(r) for all s and r.
(ii) For any s ∈ R
fs(0) > c, f
′′
s (0) < 0, lim
s→−∞ fs(0) = c, lims→∞ fs(0) =∞.
(iii) For all s and r we have ∂sfs(r) ≥ 0.
(iv) If s ≥ 1, then
fs(r) =
{
fs(0)(1− r2) if 0 ≤ r ≤ 1− 14s ,
0 if r ≥ 1− 18s ,
and f ′s(r) ≤ 0 for all r ≥ 0.
(v) If s ≤ −1, then
fs(r) =

fs(0)(1− r2) if 0 ≤ r ≤ 18|s| ,
s if 14|s| ≤ r ≤ 1− 14|s| ,
0 if r ≥ 1− 18|s| ,
f ′s(r) ≤ 0 for r ≤ 1/2 and f ′s(r) ≥ 0 for r ≥ 1/2.
(vi) For any s the only critical point r of fs with fs(r) > 0 is r = 0.
Now choose a family of Hamiltonians Hs : AR×T2n → R with compact support
so that for s ≥ 1
Hs(p, q) = fs
(p0
R
)
,
and for s ≤ −1
Hs(p, q) =

fs
(
‖p−u‖
mu
)
if ‖p− u‖ ≤ mu2 ,
fs
(
p0−|u|
R−|u|
)
if p0 ≥ R+|u|2 ,
fs
(
p0+|u|
R−|u|
)
if p0 ≤ −R+|u|2 ,
s otherwise.
We note that every contractible trajectory in AR × T2n is constant. By (vi), for
s ≥ 1 the set P(Hs; 0) of contractible periodic trajectories is denoted by
P(Hs; 0) =
{
t 7→ (p(t), q(t)) ∣∣∣∣ q˙0 ≡ q˙1 ≡ · · · ≡ q˙n ≡ 0,p0 ≡ 0, p˙1 ≡ · · · ≡ p˙n ≡ 0
}
,
and for s ≤ −1
P(Hs; 0) =
{
t 7→ (p(t), q(t)) ∣∣∣∣ q˙0 ≡ q˙1 ≡ · · · ≡ q˙n ≡ 0,p0 ≡ u, p1 ≡ · · · ≡ pn ≡ 0
}
.
Lemma 3.7 ([BPS, Lemma 5.3.1]). For every s ∈ R the set P(Hs; 0) is a Morse–
Bott manifold of periodic trajectories for Hs if and only if f
′′
s (0) 6= 0.
By (ii) and Lemma 3.7, the set P(Hs; 0) is a Morse–Bott manifold of periodic
trajectories for Hs. Moreover, P(Hs; 0) ∼= T2n+1 for s ≥ 1 and P(Hs; 0) ∼= Tn+1
s ≤ −1. For every s ∈ R, the action of x ∈ P(Hs; 0) is
AH(x) = fs(0) > c.
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By Theorem 3.2, for every s ∈ R we have
HF[a,∞)∗ (Hs; 0) ∼=
{
H∗
(P(Hs; 0);Z/2Z) if 0 < a < fs(0),
0 if 0 < fs(0) < a.
By [BPS, Proposition 4.5.1], the monotone homomorphism
σHs1Hs0 : HF
[a,∞)(Hs0 ; 0)→ HF[a,∞)(Hs1 ; 0)
is an isomorphism whenever a 6∈ [fs1(0), fs0(0)] and either 1 ≤ s1 ≤ s0 or s1 ≤ s0 ≤
−1. By [BPS, Lemma 4.7.1 (ii)], the homomorphism
piHs : SH←−
[a,∞)(AR × T2n; 0)→ HF[a,∞)(Hs; 0)
is an isomorphism for any s ≥ 1 such that fs(0) > a. Therefore,
SH←−
[a,∞)(AR × T2n; 0) ∼= H∗(T2n+1;Z/2Z).
By [BPS, Lemma 4.7.1 (i)], the homomorphism
ιHs : HF
[a,∞)(Hs; 0)→ SH−→
[a,∞);c(AR × T2n, Lu × Tn; 0)
is an isomorphism for any s ≤ −1 if a ≤ c, and for any s ≤ −1 with fs(0) < a if
a > c. Hence we obtain
SH−→
[a,∞);c(AR × T2n, Lu × Tn; 0) =
{
H∗(Tn+1;Z/2Z) if 0 < a ≤ c,
0 if a > c.
Thus the proof of Theorem 3.4 is complete. 
3.4. Proof of Theorem 3.5.
Proof. We assume, without loss of generality, that ` > 0. Fix a positive real number
c > max{u`, 0} and choose a smooth family of real functions {fs(r)}s∈R, defined
for r ∈ R, with the following properties (cf. [BPS, Subsection 5.5]).
(i) fs(−r) = fs(r) for all s and r.
(ii) For any s ∈ R
fs(0) > c, lim
s→−∞ fs(0) = c, lims→∞ fs(0) =∞.
(iii) For all s and r we have ∂sfs(r) ≥ 0.
(iv) If s ≥ 1, then
fs(r) =
{
fs(0) if 0 ≤ r ≤ 1− 38s ,
0 if r ≥ 1− 18s ,
f ′s(r) ≤ 0 for all r ≥ 0, and{
f ′′s (r) < 0 if 1− 38s < r < 1− 28s ,
f ′′s (r) > 0 if 1− 28s < r < 1− 18s .
(v) If s ≤ −1, then
fs(r) =

fs(0) if 0 ≤ r ≤ 18|s| ,
s if 38|s| ≤ r ≤ 1− 38|s| ,
0 if r ≥ 1− 18|s| ,
f ′s(r) ≤ 0 for r ≤ 1/2, f ′s(r) ≥ 0 for r ≥ 1/2, and{
f ′′s (r) < 0 if
1
8|s| < r <
2
8|s| ,
f ′′s (r) > 0 if
2
8|s| < r <
3
8|s| .
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(vi) For any s ≥ 1 such that fs(0) > R` there exist real numbers r′s < rs < 0
such that
f ′s(rs) = f
′
s(r
′
s) = R`, f
′′
s (rs) < 0, f
′′
s (r
′
s) > 0,
and f ′s(r) 6= R` for any r ∈ R \ {rs, r′s}.
(vii) For any s ≤ −1 there exist real numbers r′s < rs < 0 such that
f ′s(rs) = f
′
s(r
′
s) = mu`, f
′′
s (rs) < 0, f
′′
s (r
′
s) > 0,
and f ′s(r) 6= mu` for any r ∈ R \ {rs, r′s}.
(viii) For any s ≤ −1 the only possible points r > 0 with f ′s(r) = (R − |u|)`
must satisfy fs(r) < 0 and the number of such r is finite.
0
c
1−1 r
s ≥ 1
s ≤ −1
Figure 1. Outline of the graphs of fs (for s ≥ 1 and s ≤ −1).
Now choose a family of Hamiltonians Hs : AR×T2n → R with compact support
so that for s ≥ 1
Hs(p, q) = fs
(p0
R
)
,
and for s ≤ −1
Hs(p, q) =

fs
(
‖p−u‖
mu
)
if ‖p− u‖ ≤ mu2 ,
fs
(
p0−|u|
R−|u|
)
if p0 ≥ R+|u|2 ,
fs
(
p0+|u|
R−|u|
)
if p0 ≤ −R+|u|2 ,
s otherwise.
Here we note that the condition mu ≤ 1 ensures that the Hamiltonians Hs, s ≤ −1
are well-defined.
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0
p0
p1
0
p0
p1
Figure 2. Outline of the graphs of Hs (for s ≥ 1 and s ≤ −1) in
the case n = 1.
Then for s ≥ 1 the corresponding Hamiltonian vector field XHs is of the form
XHs(p, q) =
1
R
f ′s
(p0
R
) ∂
∂q0
,
and for s ≤ −1
XHs(p, q) =

n∑
i=0
1
mu
f ′s
(
‖p−u‖
mu
)
pi−ui
‖p−u‖
∂
∂qi
if ‖p− u‖ ≤ mu2 ,
1
R−|u|f
′
s
(
p0−|u|
R−|u|
)
∂
∂q0
if p0 ≥ R+|u|2 ,
1
R−|u|f
′
s
(
p0+|u|
R−|u|
)
∂
∂q0
if p0 ≤ −R+|u|2 ,
0 otherwise.
For ` ∈ Z>0 let us now consider the nontrivial free homotopy class
αˆ` = (α`, 0T2n) ∈ [S1, AR × T2n].
Then for s ≥ 1 the set P(Hs; αˆ`) of periodic trajectories in αˆ` is denoted by
P(Hs; αˆ`) =
{
t 7→ (p(t), q(t)) ∣∣ p(t), q(t) satisfy (3)} ,
where
(3)

q0(t) = c0 + `t, where c0 ∈ R/Z,
q1 ≡ c1, q2 ≡ c2, · · · , qn ≡ cn ∈ R/Z,
p0(t) = Rr, where r < 0 is such that f
′
s(r) = R`,
p1 ≡ d1, p2 ≡ d2, · · · , pn ≡ dn ∈ R/2Z
and for s ≤ −1
P(Hs; αˆ`) =
 t 7→ (p(t), q(t))
∣∣∣∣∣∣∣
p(t), q(t) satisfy (4) if ‖p(t)− u‖ ≤ mu
2
(∀t),
and (5) if p0(t) ≥ R+ |u|
2
(∀t)
 ,
where
(4)

q0(t) = c0 + `t, where c0 ∈ R/Z,
q1 ≡ c1, q2 ≡ c2, · · · , qn ≡ cn ∈ R/Z,
p0(t) = u+mur, where r < 0 is such that f
′
s(r) = mu`,
p1 = p2 = · · · = pn = 0,
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and
(5)

q0(t) = c0 + `t, where c0 ∈ R/Z,
q1 ≡ c1, q2 ≡ c2, · · · , qn ≡ cn ∈ R/Z,
p0(t) = |u|+ (R− |u|)r, where r > 0 is such that f ′s(r) = (R− |u|)`,
p1 ≡ d1, p2 ≡ d2, · · · , pn ≡ dn ∈ R/2Z.
Note that there are no periodic trajectories representing αˆ` if p0 ≤ −(R + |u|)/2
and s ≤ −1. Given r < 0 with f ′s(r) = R`, we denote
P(r, αˆ`) =
{
x : S1 → AR × T2n
∣∣ p(t), q(t) satisfy (3)} .
Given r < 0 with f ′s(r) = mu`, we denote
Q(r, αˆ`) =
{
x : S1 → AR × T2n
∣∣ p(t), q(t) satisfy (4)} .
Given r > 0 with f ′s(r) = (R− |u|)`, we denote
R(r, αˆ`) =
{
x : S1 → AR × T2n
∣∣ p(t), q(t) satisfy (5)} .
Then P(r, αˆ`) and R(r, αˆ`) are diffeomorphic to T2n+1, and Q(r, αˆ`) is diffeomor-
phic to Tn+1. In summary, we have
P(Hs; αˆ`) =
{
P(rs, αˆ`) unionsq P(r′s, αˆ`) if s ≥ 1,
Q(rs, αˆ`) unionsqQ(r′s, αˆ`) unionsq
⊔
rR(r, αˆ`) if s ≤ −1,
where the union
⊔
rR(r, αˆ`) runs over r > 0 such that f ′s(r) = (R− |u|)`.
Lemma 3.8 ([BPS, Lemma 5.3.2]). The sets P(r, αˆ`), Q(r, αˆ`) and R(r, αˆ`) are
Morse–Bott manifolds of periodic trajectories for Hs if and only if f
′′
s (r) 6= 0.
We claim that the value of the action functional on R(r, αˆ`) is negative. In fact,
since we have f ′s(r) = (R− |u|)` for any periodic trajectory in R(r, αˆ`), the action
of such a periodic trajectory is fs(r) − |u|` − (R − |u|)r`, and this is negative by
(viii). On the other hand, by (vi), (vii) and Lemma 3.8, P(r, αˆ`) and Q(r, αˆ`) are
Morse–Bott manifolds of periodic trajectories for Hs and the values of the action
functional on these critical manifolds are
AHs
(P(r, αˆ`)) = fs(r)−Rr`,
and
AHs
(Q(r, αˆ`)) = fs(r)− (u+mur)`,
respectively. Fix a real number a. We prove Theorem 3.5 in four steps.
Step 1. If a < R`, then SH←−
[a,∞)(AR × T2n; αˆ`) = 0.
0 R−R p0Rrs↑
Rr′s
tangent at p0 = Rrs
tangent at p0 = Rr
′
s
Figure 3. Outline of the graph of Hs (for s ≥ 1) in the direction of p0.
14 MORIMICHI KAWASAKI AND RYUMA ORITA
For s ≥ 1 the only families of periodic trajectories are P(rs, αˆ`) and P(r′s, αˆ`).
Since both rs and r
′
s converge to −1 as s→∞, the values of the action functional
on P(rs, αˆ`) and P(r′s, αˆ`) are both bigger than a for s sufficiently large. Hence
HF[a,∞)(Hs; αˆ`) ∼= HF[−∞,∞)(Hs; αˆ`) = 0
for s sufficiently large. Here since HF[−∞,∞)(Hs; αˆ`) is independent ofHs (see [BPS,
Proposition 4.5.1]) and every C2-small Hamiltonian has only contractible periodic
trajectories, the last equation holds. Now Step 1 follows from [BPS, Lemma 4.7.1
(ii)].
Step 2. If a ≥ R`, then SH←−
[a,∞)(AR×T2n; αˆ`) ∼= H∗(T2n+1;Z/2Z). Moreover, the
homomorphism
piHs : SH←−
[a,∞)(AR × T2n; αˆ`)→ HF[a,∞)(Hs; αˆ`)
is an isomorphism whenever fs(0) > a.
By (vi), for any s ≥ 1 the number rs (resp. r′s) is the maximum point (resp. the
minimum point) of the function fs,` : [−1, 0]→ R defined by
fs,`(r) = fs(r)−Rr`.
If s is sufficiently large so that fs(0) > a, then fs,`(0) = fs(0) > a and hence
AHs
(P(rs, αˆ`)) = fs,`(rs) > fs,`(0) > a.
Since fs,`(−1) = R` ≤ a, we have
AHs
(P(r′s, αˆ`)) = fs,`(r′s) < fs,`(−1) ≤ a.
Hence, by Theorem 3.2, HF[a,∞)(Hs; αˆ`) ∼= H∗(Tn+1;Z/2Z) and, by [BPS, Propo-
sition 4.5.1], the monotone homomorphism
σHs1Hs0 : HF
[a,∞)(Hs0 ; αˆ`)→ HF[a,∞)(Hs1 ; αˆ`)
is an isomorphism whenever fsi(0) > a for i = 0, 1 and s1 ≤ s0 and Step 2 follows
from [BPS, Lemma 4.7.1 (ii)].
Step 3. If a > c− u` > 0, then SH−→
[a,∞);c(AR × T2n, Lu × Tn; αˆ`) = 0.
0
c
R−R p0u
tangent at p0 = u+murs
tangent at p0 = u+mur
′
s
L1
L2
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Figure 4. Outline of the graph of Hs (for s ≤ −1) in the direction
of p0.
In Figure 4, the lines L1, L2 are tangent to Hs at p0 = |u| + (R − |u|)r, where
r > 0 is such that f ′s(r) = (R − |u|)` (if such r > 0 exists). Since a > 0, we can
ignore all trajectories which belong to R(r, αˆ`). Since both rs and r′s converge to 0
as s→ −∞, the values of the action functional on Q(rs, αˆ`) and Q(r′s, αˆ`) are both
less than a for −s sufficiently large. Hence HF[a,∞)(Hs; αˆ`) = 0 for −s sufficiently
large. Now Step 3 follows from [BPS, Lemma 4.7.1 (i)].
Step 4. If 0 < a ≤ c−u`, then SH−→
[a,∞);c(AR×T2n, Lu×Tn; αˆ`) ∼= H∗(Tn+1;Z/2Z).
Moreover, the homomorphism
ιHs : HF
[a,∞)(Hs; αˆ`)→ SH−→
[a,∞);c(AR × T2n, Lu × Tn; αˆ`)
is an isomorphism for s −1.
As a > 0 we may ignore trajectories which belong to R(r, αˆ`). By (vii), for any
s ≤ −1 the number rs (resp. r′s) is the maximum point (resp. the minimum point)
of the function gs,` : [−1, 0]→ R defined by
gs,`(r) = fs(r)− (u+mur)`.
Then, by (ii), gs,`(0) = fs(0)− u` > c− u` ≥ a and hence
AHs
(Q(rs, αˆ`)) = gs,`(rs) > gs,`(0) > a.
If s < min{−1, a+ (u−mu/2)`}, then gs,`(−1/2) = s− (u−mu/2)` < a and hence
AHs
(Q(r′s, αˆ`)) = gs,`(r′s) < gs,`(−1/2) < a.
Applying Theorem 3.2, HF[a,∞)(Hs; αˆ`) ∼= H∗(Tn+1;Z/2Z) for s < min{−1, a +
(u−mu/2)`}. By [BPS, Proposition 4.5.1], the monotone homomorphism
σHs1Hs0 : HF
[a,∞)(Hs0 ; αˆ`)→ HF[a,∞)(Hs1 ; αˆ`)
is an isomorphism for s1 < s0 < min{−1, a + (u −mu/2)`}. Thus Step 4 follows
from [BPS, Lemma 4.7.1 (i)]. The proof of Theorem 3.5 is complete. 
3.5. Proof of Theorem 3.6.
Proof. If the homomorphism(
T
[a,∞);c
αˆ`
)
k
: SH←−
[a,∞)
k (AR × T2n; αˆ`)→ SH−→
[a,∞);c
k (AR × T2n, Lu × Tn; αˆ`)
is non-zero, then Theorem 3.4, Step 1 and Step 3 in the proof of Theorem 3.5 imply
that R|`| < a ≤ c− u`.
Fix R|`| < a ≤ c − u`. For simplicity, we assume that ` 6= 0. The proof for the
case ` = 0 follows the same path as in the case ` 6= 0. We choose a sufficiently large
T  1 so that for all k the homomorphisms
(piHT )k : SH←−
[a,∞)
k (AR × T2n; αˆ`)
∼=−→ HF[a,∞)k (HT ; αˆ`)
and (
ιH−T
)
k
: HF
[a,∞)
k (H−T ; αˆ`)
∼=−→ SH−→
[a,∞);c
k (AR × T2n, Lu × Tn; αˆ`)
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are isomorphisms. By Proposition 2.10, we have the following commutative dia-
gram.
SH←−
[a,∞)
k (AR × T2n; αˆ`)
(piHT )k ∼=

(
T
[a,∞);c
αˆ`
)
k // SH−→
[a,∞);c
k (AR × T2n, Lu × Tn; αˆ`)
HF
[a,∞)
k (HT ; αˆ`)
(σH−THT )k // HF[a,∞)k (H−T ; αˆ`)
(ιH−T )k
∼=
OO
Hence it is enough to show that the homomorphism
(
σH−THT
)
k
is non-zero and
surjective.
We put CT = ev(P(rT , αˆ`)) ∼= T2n+1 and C−T = ev(Q(rT , αˆ`)) ∼= Tn+1, where
ev is the evaluation map given by ev(x) = x(0). We define a Morse function
F−T : C−T → R by
F−T (q0, q1, . . . , qn) = −n(n+ 2) + 1
2
(
n+ 1 +
n∑
i=0
cos(2piqi)
)
for (q0, q1, . . . , qn) ∈ (R/Z)n+1 and a Morse function FT : CT → R by
FT (p1, . . . , pn, q0, q1, . . . , qn) = −n(n+ 2) + n+ 2
2
(
n+
n∑
i=1
cos(pipi)
)
+
1
2
(
n+ 1 +
n∑
i=0
cos(2piqi)
)
for (p1, . . . , pn, q0, q1, . . . , qn) ∈ (R/2Z)n × (R/Z)n+1. Let γ ∈ CT be a maximal
point of FT with respect to the coordinate (p1, . . . , pn) and a minimal point with
respect to (q0, q1, . . . , qn). Then we have FT (γ) = 0.
Let N±T ⊂ AR × T2n be tubular neighborhoods of C±T of radii δ±T > 0,
respectively. We extend the functions F±T to functions on N±T by making constant
in the direction normal to C±T . Let N˜±T be smaller tubular neighborhoods of C±T
of radii δ˜±T (< δ±T ). Moreover, let ρˆ±T : [0,∞)→ [0, 1] be C∞-functions satisfying
ρˆ±T =
{
1 on [0, δ˜±T ),
0 outside [0, δ±T ),
ρˆ±T > 0 on [0, δ±T )
and we define bump functions ρ±T : AR × T2n → R by ρ±T (x) = ρˆ±T
(
d(x,C±T )
)
where d is the distance induced from a metric on AR × T2n.
Let (M,ω) be a symplectic manifold. For two Hamiltonians H,K : S1×M → R
with compact support, we define a juxtaposition H\K : S1 ×M → R of H and K
by
(H\K)(t, x) =
{
χ′(t)H(χ(t), x) if 0 ≤ t ≤ 1/2,
χ′(t− 1/2)K(χ(t− 1/2), x) if 1/2 ≤ t ≤ 1
where χ : [0, 1/2] → [0, 1] is a smooth function with the properties that χ′(t) ≥ 0
for all t, χ(0) = 0, χ(1/2) = 1, and χ′ vanishes to infinite order at 0 and at 1/2
(see [Us, Proof of Proposition 3.1] for details). Since χ′ vanishes to infinite order
at 0 and 1/2, H\K is one-periodic in time, that is, that H\K ∈ C∞0 (S1 ×M).
For a real number ε > 0 we consider the two juxtapositions HT \(ερTFT ) and
H−T \(ερ−TF−T ). By [BPS, Proof of Theorem B], we may assume, without loss of
generality, that HT \(ερTFT ) and H−T \(ερ−TF−T ) are one-periodic in time. Now
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we choose neighborhoods UHT and UH−T as in Proposition 2.5. We choose a suf-
ficiently small ε > 0 so that ε < 1, HT \(ερTFT ) ∈ UHT and H−T \(ερ−TF−T ) ∈
UH−T . We then have
HF
[a,∞)
k (H±T ; αˆ`) = HF
[a,∞)
k (H±T \(ερ±TF±T ); αˆ`).
Moreover, we note that AHT (γ) = AHT \(ερTFT )(γ). These perturbations enable us
to compute the Floer homology groups via Poz´niak’s theorem (Theorem 3.2) and
reveal their behavior when the action interval [a,∞) varies.
Claim 1. For all k = 0, 1, . . . , 2n+ 1 we have
HF
[a,∞)
k (HT \(ερTFT ); αˆ`)
∼= Hk(T2n+1;Z/2Z).
Proof. By Step 2, we have
P [a,∞)(HT ; αˆ`) = P(rT , αˆ`).
By Lemma 3.8, P [a,∞)(HT ; αˆ`) is a Morse–Bott manifold of periodic trajectories
for HT . By Theorem 3.2, the Floer homology HF
[a,∞)
k (HT ; αˆ`) coincides with the
Morse homology HM2n+1−k
(P(rT ; αˆ`), FT ). Therefore we have
HF
[a,∞)
k (HT \(ερTFT ); αˆ`)
∼= HM2n+1−k
(P(rT , αˆ`), FT ) ∼= Hk(T2n+1;Z/2Z). 
Thus for any x ∈ P(rT , αˆ`),
a < AHT \(ερTFT )(x) = AHT
(P(rT , αˆ`))+ εFT (x).
We choose a positive real number b such that
AHT
(P(rT , αˆ`))+ ε · (−1) < b < AHT (P(rT , αˆ`))+ εFT (γ) = AHT (P(rT , αˆ`)).
Since the minimum value of FT is −n(n+ 2), we obtain
a < AHT
(P(rT , αˆ`))− εn(n+ 2) < b.
0
p0
p1
Figure 5. Outline of the graph of HT \(ερTFT ) in the case n = 1.
We deform HT \(ερTFT )|AR×T2n\U small enough so that every periodic trajectory
x lying in AR×T2n\U has action less than a (i.e., the tangent line at x of slope ` does
not take values greater than a at p0 = 0), where U is a small open neighborhood
of { p1 = · · · = pn = 0 }. We then obtain a Hamiltonian H˜ : AR × T2n → R with
compact support so that
H˜ = HT \(ερTFT ) near p1 = · · · = pn = 0,
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HT \(ερTFT )  H˜  H−T \(ερ−TF−T )
and the Hamiltonian isotopy associated to H˜ does not admit periodic trajectories
of action greater than a and less than b.
p0
p1
Figure 6. Outline of the graph of H˜ in the case n = 1.
We may assume, without loss of generality, that our monotone homotopy {Hs}s
contains HT \(ερTFT ), H˜ and H−T \(ερ−TF−T ). By (2) in Subsection 2.4, we have
the following commutative diagram, whose rows are the short exact sequences for
H˜T = HT \(ερTFT ), for H˜ and for H˜−T = H−T \(ερ−TF−T ).
(6) · · · // HF[a,b)∗ (H˜T )
σ
H˜H˜T

[ιF ] // HF[a,∞)∗ (H˜T )
σ
H˜H˜T

[piF ] // HF[b,∞)∗ (H˜T ) //
σ
H˜H˜T
∼=

· · ·
· · · // HF[a,b)∗ (H˜)
σ
H˜−T H˜

[ιF ] // HF[a,∞)∗ (H˜)
σ
H˜−T H˜∼=

[piF ]
∼=
// HF[b,∞)∗ (H˜) //
σ
H˜−T H˜

· · ·
· · · // HF[a,b)∗ (H˜−T )
[ιF ] // HF[a,∞)∗ (H˜−T )
[piF ] // HF[b,∞)∗ (H˜−T ) // · · ·
Here we temporarily omitted αˆ` in the notation. By Definition 2.6 and Lemma 2.8,
note that
(7) σH˜−T H˜ ◦ σH˜H˜T = σH−THT .
Claim 2. For all k = 0, 1, . . . , n+ 1 we have
HF
[b,∞)
k (H˜T ; αˆ`)
∼= Hk(Tn+1;Z/2Z).
Proof. By the choice of b, we obtain
P [b,∞)(HT ; αˆ`) ∼= S := {FT (p1, . . . , pn, q0, q1, . . . , qn) > −1 } ⊂ T2n.
Let c = (p1, . . . , pn, q0, q1, . . . , qn) ∈ S be a critical point of the restriction FT |S .
Then each cos (pipi) and cos (2piqi) take values in {1,−1}. We claim that for any
i = 1, . . . , n we have cos (pipi) = 1. Actually, if cos (pipi0) = −1 for some i0 (we may
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assume, without loss of generality, that i0 = n), then we have
FT (c) = −n(n+ 2) + n+ 2
2
(
n+
n−1∑
i=1
cos(pipi)− 1
)
+
1
2
(
n+ 1 +
n∑
i=0
cos(2piqi)
)
= − (n+ 1)
2
2
+
n+ 2
2
n−1∑
i=1
cos(pipi) +
1
2
n∑
i=0
cos(2piqi)
≤ − (n+ 1)
2
2
+
n+ 2
2
(n− 1) + 1
2
(n+ 1) = −1.
This contradicts the fact that FT (c) > −1. Hence S is homeomorphic to the product
of a small open n-cell en and the (n + 1)-torus Tn+1. Theorem 3.2 and Claim 1
show that the Floer homology HF
[b,∞)
k (HT ; αˆ`) coincides with the Morse homology
HM2n+1−k
(P [b,∞)(HT ; αˆ`), FT ) even if the action interval varies. Hence we have
HF
[b,∞)
k (H˜T ; αˆ`)
∼= HM2n+1−k(en × Tn+1, FT )
∼=
⊕
i+j=2n+1−k
(
Hi(e
n, ∂en)⊗Z/2Z Hj(Tn+1)
)
∼= Hn(Sn)⊗Z/2Z Hn+1−k(Tn+1)
∼= Hk(Tn+1;Z/2Z). 
Claim 3. The homomorphism
σH˜H˜T : HF
[b,∞)(H˜T ; αˆ`)→ HF[b,∞)(H˜; αˆ`)
is an isomorphism.
Proof. We can choose a monotone homotopy {Hs}s defining the map σH˜H˜T so that
Hs does not allow new periodic trajectories of action greater than b for all s, i.e.,
{Hs}s is action-regular. Hence Lemma 2.9 shows that σH˜H˜T is an isomorphism. 
Claim 4. The homomorphism
[piF ] : HF[a,∞)(H˜; αˆ`)→ HF[b,∞)(H˜; αˆ`)
is an isomorphism.
Proof. Since the Hamiltonian isotopy associated to H˜ does not admit periodic tra-
jectories of action greater than a and less than b, we have HF[a,b)(H˜; αˆ`) = 0. The
exactness of the second row in (6) shows Claim 4. 
Claim 5. The homomorphism
σH˜−T H˜ : HF
[a,∞)(H˜; αˆ`)→ HF[a,∞)(H˜−T ; αˆ`)
is an isomorphism.
Proof. A similar observation in the proof of Claim 3 shows Claim 5. 
Actually, Step 4 directly shows that HF[a,∞)(H˜−T ; αˆ`) ∼= H∗(Tn+1;Z/2Z). By
Claim 3–5 and (7), we deduce that the homomorphism(
σH−THT
)
k
: HF
[a,∞)
k (HT ; αˆ`)→ HF[a,∞)k (H−T ; αˆ`)
is non-zero and surjective if and only if so is the homomorphism
[piF ]k : HF
[a,∞)
k (H˜T ; αˆ`)→ HF[b,∞)k (H˜T ; αˆ`).
Therefore, the exactness of the first row in (6) implies that it is suffices, for proving
the non-zeroness of [piF ]k, to show that the homomorphism
[ιF ]k : HF
[a,b)
k (H˜T ; αˆ`)→ HF[a,∞)k (H˜T ; αˆ`)
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is not surjective if k = 0, 1, . . . , n+ 1.
Claim 6. For all k = 0, 1, . . . , 2n+ 1 we have
HF
[a,b)
k (H˜T ; αˆ`)
∼=

Hk(T2n+1;Z/2Z) if k = n+ 2, . . . , 2n+ 1,
(Z/2Z)⊕(bk(T
2n+1)−bk(Tn+1)) if k = 1, . . . , n+ 1,
0 if k = 0.
Proof. By the choice of b, the set P [a,b)(HT ; αˆ`) is the product (Tn \ en) × Tn+1.
Theorem 3.2 and Claim 1 show that the Floer homology HF
[a,b)
k (HT ; αˆ`) coincides
with the Morse homology HM2n+1−k
(P [a,b)(HT ; αˆ`), FT ). Hence we have
HF
[a,b)
k (H˜T ; αˆ`)
∼= HM2n+1−k
(
(Tn \ en)× Tn+1, FT
)
∼=
⊕
i+j=2n+1−k
(
Hi(Tn \ en)⊗Z/2Z Hj(Tn+1)
)
.
By Poincare´(–Lefschetz) duality, we have Hj(Tn+1) ∼= Hn+1−j(Tn+1) and
Hi(Tn \ en) ∼= Hn−i(Tn \ en, ∂en) ∼= H˜n−i(Tn).
Therefore,⊕
i+j=2n+1−k
(
Hi(Tn \ en)⊗Z/2Z Hj(Tn+1)
) ∼= ⊕
i+j=k
(
H˜i(Tn)⊗Z/2Z Hj(Tn+1)
)
.
Since
Hk(T2n+1) ∼=
⊕
i+j=k
(
Hi(Tn)⊗Z/2Z Hj(Tn+1)
)
∼=
⊕
i+j=k
i 6=0
(
Hi(Tn)⊗Z/2Z Hj(Tn+1)
)⊕⊕
j=k
(
H0(Tn)⊗Z/2Z Hj(Tn+1)
)
∼=
⊕
i+j=k
(
H˜i(Tn)⊗Z/2Z Hj(Tn+1)
)
⊕Hk(Tn+1),
we conclude that
HF
[a,b)
k (H˜T ; αˆ`)
∼= (Z/2Z)⊕(bk(T2n+1)−bk(Tn+1)) .
We note that (Z/2Z)⊕(b0(T
2n+1)−b0(Tn+1)) = 0 and bk(Tn+1) = 0 for any k ≥ n +
2. 
Thus Claim 6 shows that the homomorphism
[ιF ]k : HF
[a,b)
k (H˜T ; αˆ`)→ HF[a,∞)k (H˜T ; αˆ`)
is not surjective if R|`| < a ≤ c− u` and k = 0, 1, . . . , n+ 1.
On the other hand, if R|`| < a ≤ c−u` and k = 0, 1, . . . , n+1, by the fundamental
homomorphism theorem and the exactness of the first row in (6), then we have the
isomorphism
[piF ]k : HF
[a,∞)
k (H˜T ; αˆ`)/ Im[ι
F ]k
∼=−→ Im[piF ]k.
Since [ιF ]k is induced by the inclusion, we obtain
dimZ/2Z
(
Im[piF ]k
)
= dimZ/2Z
(
HF
[a,∞)
k (H˜T ; αˆ`)/ Im[ι
F ]k
)
= bk(Tn+1) = dimZ/2Z
(
HF
[b,∞)
k (H˜T ; αˆ`)
)
.
Hence the homomorphism
[piF ]k : HF
[a,∞)
k (H˜T ; αˆ`)→ HF[b,∞)k (H˜T ; αˆ`)
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is surjective if R|`| < a ≤ c−u` and k = 0, 1, . . . , n+1. Thus the proof of Theorem
3.6 is complete. 
4. Annular capacity
To prove Theorem 1.1, we introduce a homological “annular” capacity. This
capacity is defined in terms of the homological Biran–Polterovich–Salamon capacity
[BPS].
4.1. Homological relative capacity. Let (M,ω) be an open symplectic manifold
and A ⊂M a compact subset. For any nontrivial free homotopy class α ∈ [S1,M ]
and c > 0 we define the set
Ac(M,A;α) =
{
s ∈ R (s > 0 if α = 0)
∣∣∣ T [s,∞);cα 6= 0} ,
where T
[s,∞);c
α : SH←−
[s,∞)(M ;α)→ SH−→
[s,∞);c(M,A;α) is a homomorphism defined in
Subsection 2.5.
Definition 4.1 ([BPS, Subsection 4.9]). For α ∈ [S1,M ] and a ≥ −∞ we define
the homological Biran–Polterovich–Salamon capacity ĈBPS(M,A;α, a) ≥ 0 by
ĈBPS(M,A;α, a) = inf { c > 0 | supAc(M,A;α) > a } .
Here we use the convention that inf ∅ = ∞ and sup ∅ = −∞. Let (N,ωN )
be a closed connected symplectic manifold and X ⊂ N a compact subset. Let
AR denote the annulus (−R,R) × R/Z, and for u ∈ (−R,R) define its subset
Lu = {u} × R/Z ⊂ AR. For ` ∈ Z put
α` = [t 7→ (0, `t)] ∈ [S1, AR].
Definition 4.2. For R > 0, u ∈ (−R,R), ` ∈ Z and a ≥ −∞, we define a
homological relative capacity Ĉ(N,X;R, u, `, a) by
Ĉ(N,X;R, u, `, a) = ĈBPS(AR ×N,Lu ×X; (α`, 0N ), a).
Here AR×N is considered as the symplectic manifold equipped with the product
symplectic form (dp0 ∧ dq0)⊕ ωN where (p0, q0) ∈ AR = (−R,R)× R/Z.
4.2. Proof of Theorem 1.1. In the case that N = T2n and X = Tn, we can
compute the capacity Ĉ directly due to Theorem 3.6.
Proposition 4.3. For any R > 0, u ∈ (−R,R), ` ∈ Z and a ≥ −∞,
Ĉ(T2n,Tn;R, u, `, a) = max{R|`|+ u`, a+ u`}.
Proof. Let αˆ` = (α`, 0T2n) ∈ [S1, AR × T2n]. By Theorem 3.6, the homomorphism
T
[s,∞);c
αˆ`
: SH←−
[s,∞)(AR × T2n; αˆ`)→ SH−→
[s,∞);c(AR × T2n, Lu × Tn; αˆ`)
is non-zero if and only if R|`| < s ≤ c− u`. Hence we have
Ac(AR × T2n, Lu × Tn; αˆ`) = (R|`|, c− u`]
for any c > 0 such that R|`| ≤ c− u`. Therefore, for any a ≥ −∞ we have
Ĉ(T2n,Tn;R, u, `, a) = inf
{
c > 0
∣∣ supAc(AR × T2n, Lu × Tn; αˆ`) > a}
= max{R|`|+ u`, a+ u`}. 
Proposition 4.4 relates the capacities Ĉ(N,X;R, u, `, a) and C(N,X;R, u, `, a).
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Proposition 4.4 ([BPS, Proposition 4.9.1]). Let R > 0 and u be real numbers such
that u ∈ (−R,R). Let ` be an integer and a a real number. If Ĉ(N,X;R, u, `, a) <
∞ then every Hamiltonian H with compact support on S1×AR×N with H|S1×Lu×X ≥
Ĉ(N,X;R, u, `, a) has a one-periodic trajectory x in the homotopy class (α`, 0N )
with the action AH(x) ≥ a. In particular,
Ĉ(N,X;R, u, `, a) ≥ C(N,X;R, u, `, a).
Proof of Theorem 1.2. By Proposition 4.3 and Proposition 4.4, it is enough to show
that
C(T2n,Tn;R, u, `, a) ≥ max{R|`|+ u`, a+ u`}.
If ` = 0 and a ≤ 0, then every Hamiltonian H with compact support has a con-
tractible periodic trajectory whose action is zero and hence C(T2n,Tn;R, u, 0, a) =
0. Thus we assume that either ` = 0 and a > 0, or ` 6= 0. We set m =
max{R|`| + u`, a + u`}. For any δ > 0 choose a smooth function f : (−R,R) → R
with compact support satisfying
f(r) =
{
m− δ for r near u,
0 for r near ±R,
f(r) <
{
R+r
R+um if −R < r ≤ u,
R−r
R−um if u ≤ r < R,
and
f ′(r)
{
< mR+u if −R < r ≤ u,
> − mR−u if u ≤ r < R.
Now consider the Hamiltonian H : AR × T2n → R with compact support given by
H(p, q) = f(p0). Then every periodic trajectory x : t 7→ x(t) =
(
p(t), q(t)
)
of H in
the homotopy class (α`, 0T2n) ∈ [S1, AR × T2n] satisfies
q˙0 ≡ `, q˙1 ≡ · · · ≡ q˙n ≡ 0, p0(t) = r, p˙1 ≡ · · · ≡ p˙n ≡ 0,
where r ∈ (−R,R) is such that f ′(r) = `. Moreover, the action of x is AH(x) =
f(r)− r`. If R|`| ≥ a, then we have m = R|`|+ u` and hence
f ′(r)
{
< R|`|+u`R+u = ` if −R < r ≤ u,
> −R|`|+u`R−u = ` if u ≤ r < R.
Here we note that ` ≥ 0 (resp. ` < 0) if and only if r ≤ u (resp. r > u). The above
observation contradicts the fact that f ′(r) = `. Hence there is no one-periodic
trajectory of length |`|. We assume that R|`| < a. Then m = a+ u`. If ` ≥ 0, then
AH(x) = f(r)− r` < R+ r
R+ u
m− r` = (R+ r)a+ (u− r)R`
R+ u
<
(R+ r)a+ (u− r)a
R+ u
= a.
If ` < 0, then
AH(x) = f(r)− r` < R− r
R− um− r` =
(R− r)a− (r − u)R`
R− u
=
(R− r)a+ (r − u)R|`|
R− u <
(R− r)a+ (r − u)a
R− u = a.
Thus there is no periodic trajectory in (α`, 0T2n) whose action is at least a.
As a conclusion, we obtain that
C(T2n,Tn;R, u, `, a) = CBPS(AR × T2n, Lu × Tn; (α`, 0T2n), a) ≥ m− δ
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for any δ > 0. It means that
C(T2n,Tn;R, u, `, a) ≥ m. 
Finally we prove Theorem 1.1.
Proof of Theorem 1.1. By [BPS, Proof of Theorem B], we may assume, without
loss of generality, that H is one-periodic in time. If ` = 0 and a ≤ 0, then every
Hamiltonian H with compact support has infinitely many contractible periodic
trajectories whose actions are zero, and hence Theorem 1.1 is proved. Thus we
assume that either ` = 0 and a > 0, or ` 6= 0. According to Theorem 1.2, we have
C(T2n,Tn;R, u, `, c− u`) = max{R|`|+ u`, c} = c.
It implies that for all H ∈ Hc(AR×T2n, Lu×Tn) there exists x ∈ P(H; (α`, 0T2n))
such that AH(x) ≥ c−u`. Moreover, by Theorem 3.6, if H is non-degenerate, then
the number of such x’s is at least
n+1∑
k=0
bk(Tn+1) = bTn+1 . 
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